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Abstract-Equations of melt ion for antisymmetric cross-ply laminates with thermal elfe.:ts in a
general state of non-uniform initial stress. where the elfects of transverse shear and rotary inertia
are ineluded. are derived by the Virtual Work theorem, The equations are adjusted to a generic
e~pression by using appropriate transformations, Finally. the thermal stability problems are solved
for a simply-supported rl'Ctangular laminate in a state of uniform compressive (or tensile) initial
stress plus initial hending stress combined with uniform thermal compressive stress plus thermal
bending stress, The eflccts of various parameters on thermal buckling loads are studied,
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e~tensil>nal stilrm;sses
lengths Ill' 1,IIninaies in the \- and r-directions. respectively
l:oupling stitrnesses
bcnding stilTnesses
generali/ed rigidity ratio
engineering clastic constants
principal rigidity ratio
engineering shear conslants
transverse shear modulus ratio
layer numbcr of laminates
non-dimensional initial stress coellil:ient
thermal buckling coellicient
redul:ed stifTnesscs
aspect ratio of laminates
laminate thickness ratio
laminate thil:kness
displacements of laminates in the X- • .1'- and :-direetions
hnear coellicients of thermal expansion
thermal e~pansion coellicient ratio
ratio of initial bending sIre" to normal stress
ratio of temperature lidd
generalized Poisson's ratio
I\lisson's ratio
density "I' laminates
angular changes of lines initially normal to the neutral surface
fre4UCnl:Y
fre411en.:y codlil:icnt.

INTRODUCtION

The thermal buckling problems for simply supported thin rectangular plates were solved
by using the Raleigh-Ritz energy method by Gossard el al.(lJ. The Galerkin method has
been employed to treat thermal buckling problems for simply supported thin rectangular
plates by Van der Neut[2J. Klosner and Forray[3J solved thermal buckling problems of
simply supported plates under arbitrarily symmetrical temperature distributions. Many
other thermal buckling problems for thin plates can be seen in the books by Boley and
Weiner[4J and by 10hns[5J. Recently, Prabhu and Durvasula[6, 7] solved thermal buckling
problems of thin skew plates for clamped-damped and restrained boundary conditions by
using the Galerkin method. Chen el al.[8J employed the Galerkin method to solve the
thermal stability problems for simply supported transversely isotropic thick plates in a state
of initial stress where the dTects of rotary inertia and transverse shear were included.

The equations of motion for a thick plate in a state of initial stress were first made by
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Herrmann and Armenakas[9]. Brunelle and Robertson[IO]. using the Trefftz generalized
stress. derived the equations for a thick plate in an arbitrary state of initial stress by using
two methods. The equations were used to study the static buckling behaviour of a simply
supported thick plate under combined initial compressive stress and initial bending stress
acting in the plane of the plate. Research work dealing with the thermal buckling behaviour
of thick laminates in an arbitrary state of stress field is not found in the literature.

In this paper. the Virtual Work expression of initially stressed antisymmetric cross-ply
thick laminates with thermal effects is derived in a general state of non-uniform initial stress
where effects of transverse shear and rotary inertia are included. Because many elastic
constants are involved in the thick laminate equations. a transformation [I 1-18] and some
generalized parameters[I9. 20] are used in the problems to minimize the number of elastic
constants. Thus. the generalized form of equations can be obtained. These equations are
then applied to a simply supported rectangular laminate subjected to uniform initial in
plane compression (or tension) and an initial bending stress. The temperature distribution
in the laminate is assumed to be uniform plus linear in the transverse direction. The
characteristic equations for determining natural frequencies and thermal buckling loads are
derived by use of the Galerkin method. The influence of generalized material property
parameters and transverse shear modulus and the etTect of laminate dimension and the
thermal bending stress combined with initial stresses on thermal buckling 10,lds are inves
tigated.

TilE VIRTUAL WORK TIIEOREM

The equations of equilibrium and boundary traction conditions in tensor form can be
expressed in terms of Trelftz stress components as[21]

( I )

(2)

If rdative extensions and shears arc small then the linal area and volume arc equal to
the initial area and volume so that (~ = (,/. /:'" = I;. und P: =: P,. where ('/. I:. and P, arc
the uetual stresses. the body forces und surfuce tructions. respectively. Following a technique
described by Bolotin[22]. t,} and t', are chosen to be the equilibrium large deformution
stresses und displacements (i.e. the initiul (deformed) state). and (') + au and v, + U, are chosen
to be the tinal stute vulucs after perturbations a,} and u, have taken place. Additionally. /;
and P, ure initial large defonnation quantities which become, respectively, I; +AI;+x, - pil,
und P, +AP,+p, in the tinal stute. Thc perturbation stresses a,/ can be decomposed into
mechanical and thermul purls so that a,/ = a;'}' +a/;. It is generully assumed that the terms
a;l/ Ii •.

1
und the initial displacement gradient, ",.} are small enough to drop. Thus. eqns (I)

and (2) can be linearized and simplified as

(3)

(4)

Oyibo[23] has derived the Virtual Work theorem by multiplying these two equations
by the variation of the displacement components c5u" and then integrating the resulting
expression over the initial volume V (eqn (3» or the surface area a (eqn (4». A perturbation
strain energy density. ii, defined by a" = Dii/iJl;" is introduced. Then. by using the product
differentiation rules and the divergence theorem the Virtual Work theorem can be expressed
as

where
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and

This form of Virtual Work theorem will be used subsequently in deriving the needed
equations of motion and the associated boundary conditions for antisymmetric cross-ply
laminated plates.

GOVERNING EQUATIONS FOR INITIALLY STRESSED ANTlSYMMETRIC CROSS·PLY
THICK LAMINATES WITH THERMAL EFFECTS

The incremental displacement field is assumed to be of the following form:

Ill(.'('.y.=.r) = Il(x.y.r)+=t/t(x.y.r)

U.I(x.y. r) = w(x.y. r)

(6)

(7)

(8)

where III and liz arc the in-plane displacements .md II J is the lateral deflection of the neutral
surface. II, t\ and ware displacements of the neutral surface. t/t and t/> account for the effect
of tmnsverse shear.

The incremental stress -displacement relations arc taken to be those ofuncoupled linear
thermal elasticity. For the plane stress problems only 11ft and l1~z exist; all others are zero.
The stress-displacement relations for orthotropic plates arc

11
M

Qil Ql2 0 0 0
".x t/t .<

)
II

11,\1 QI2 Qn 0 0 0 V.r t/>.r:!2

(IM = 0 0 QH 0 0 t/> +w,)' += 0 (9)23

11
M 0 0 0 Qss 0 t/t +w,,< 011

11
M 0 0 0 0 QIlIl 11,.. +1),,< t/t ,J' + t/>,x12

r
(I~2 = -(~IQI2 +~2QdT (10)(Ill = -(~IQll +~2QI2)T,

where Qii are the so-called reduced stiffnesses.
The resultant forces and moments acting on antisymmetric cross-ply laminates arc

obtained by the integration of the stresses in each layer through the laminate thickness
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Fig. I. Rectangular laminated plates subjected to uniform stress plus bending stress in the x-direction
with uniform templ'ratllrl' distriblltillll plus linear temperature ditrerence gradient in the :-dircction.

( II )

By expanding the tensor terms of the Virtual Work theorem in eqn (5), using eqns (6)
(II) and the shear eorn:ction factor(24), and by utilizing some previous material constant
definitions due to Tsai[25] and integrating through the laminate thickness, the Virtual Work
theorem can be obtained.

Consider a simply supported antisymmetrie cross-ply thick laminate in a state of initial
stress. The state of initial stress is

( 12)

with all other initial stresses assumed to be zero. as and a.11 arc taken to be constants so
that the initial stress field is uniform. It is comprised of a tension (or compression) stress
plus bending stress. The plate is subjected to a temperature dillcrence and the temperature
dilli:rence distribution is

l' = Tv + 2:TII /t (13 )

whae Tv and TIl arc taken to be constants so that the temperature distribution is a function
of the :-coordinate only. This is a possible temperature distribution for plane stress thermal
elastic problems[4]. Then, the laminate is subjected to thermal compressive stresses and
thermal bending stresses in the x- and y-directions due to the temperature dillcrence in the
laminate. This can be seen in Fig. I. From eqn (II) the only non-zero initial stresses arc

Sl, = ta"

AI, = ttlf:V,

( 14)

where IJ = a It/a",. Also. in this paper. it is assumed that only laminates comprised of
laminae of equal thickness are dealt with. From eqn (II). the only non-zero thermal stresses
arc
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where

(N~. N:) = !NT(/I ±/~pT/N)

(M~.J[:) = -t:.NTt(/,PT ±3/~/N)

(M:T.M: T) = 1~NTt:(/, ±3/~pT(1V:-2)/NJ) (15)

and

D* = QI:+2Q66_
J(QIIQd'

By taking variation with respect to the displacement components of the Virtual Work
theorem and substituling eqns (12)-( 15) into the equation of the Virtual Work theorem.
the governing equations and the associated boundary conditions for antisymmetric cross
ply laminated plates subjected to the initial stress and the temperature diflcrenee distri
bution. where the ellccts of transverse shear and rotary inertia arc included. arc derived as

- .,. T- (M, + A-f, )IP,.. - (M. - B I dlp,}'v +pw,\t = 0 (17)

- PI, +.\1 ~)p,,, - (AI [,' - BII )r,n + A44 11',. - (D 12 + D6b )t/J"y

with boundary conditions:

on x = constant edges

N, = (A II + sr, +N;)II" +A 121'",+ (B II + AI, + M;)t/J" +N~ = O. I' = O. II' = 0

M, = (B II +AI,+M;)II,,+(D II +AI:+M:"')I/J.,+DI:r/}",+IH~ = o. ¢ = 0; (21)

on y = constant edges

iV,_ = A I2 I1,,+(A II +N:k,v+(M; -B II )¢,I'+N: = O. II = O. II' = 0

M" = (M; - BI,)/'.• + D I2 ,/J., + (011 + M,~T)lp,l'+ AI; = 0, t/J = O. (22)
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SOLUTIONS OF THE EQUATIONS OF MOTION

Assuming the displacement field is in the following fonn :

x x

(u.l",w.l/J.4» = L L (Um",I·m".I~·m".l/Jm"m.4>m"n)(CoS"SiCo,S,S"CoS"s'Co) e'W'
m= 1.3 n""" 1.3

(23)

where

nm
nl =-a • Co = cos nIX. S, = sin ny.

The thermal force NT in eqns (15) is expressed in double Fourier series form

T YO YO • lImx . flny
N = L L Nm" Sin - Sin b

m= 1.3"-1.3 a

where

16Nr

N"," =, (m,,, = 1.3, ...).no",,,

(24)

Since the problem has non-homogeneous boundary conditions due to thermal effects, the
displacement field of eqn (23) cannot satisfy both force boundary conditions and moment
boundary conditions. The thermal term is expressed as eqn (24). then eqns (23) and (24)
satisfy both kinematic and kinetic boundary conditions. The Galerkin method is used to
solve this static thermal buckling problem of a simply supported thick laminate under
initial stresses. A three term Ritz Galerkin method is employed to obtain the following
characteristic equations for the determination of the buckling loads and natural frequencies.
Nondimensionalizing the characteristic equations, we can obtain

where

and

('"x, = O. i,J = I, 15

XI = 1111. X! = 1113. X) = U31, x~ = VII. X5 = VI), X 6 = V)I.

XI.1 = (PII. XI~ = (PI.I • .\'15 = (P.l1

C" = C,,(D*, E*, C*.I:,r. S. N. ':J,r.fJ,{V, N, NT. D.).

(25)

The eoefl1eients are similar to those of Ref. [18J, alLhough they are much more complicated
because of thermal effects. The dimensionless parameters used in eqn (25) are

A = (1-r.)D*JE*j(I+E*). A* = (1+r.)D*JE*j(I+E*),

F= (1-(r.D*)!)C*j(S!(1 +E*»), F* = (E*-I)j(SN(1 +E*)).

D. = ~~a; J(!!..-~), r = a/h,
n D II
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d3 = lIlY+31~/N. d4 = r~(/If3T -31~/N).

d; = 11+31~f3T(N~-2)!NJ. d6 = r~(/1-31~f3T(N~-2)/NJ),

G* = (G: J +G 31 )/E1•

It is easy to derive the two-term and one-term Galerkin solution from eqn (25) by reducing
the order of matrix CIj and X, appropriately.

The basic parameters which exist in eqn (25) include the following group:

(1) parameters of laminate dimension: r, S. N;
(2) parameters of material properties: D·, <:, E*, G*. (IT;
(3) parameters of initial stress: N, f3:
(4) parameters of thermal buckling: NT, f3T.

The key parameters of this analysis are generic terms D*. <:. E*, and (IT. called the generalized
rigidity ratio. generalized Poisson's ratio, principal rigidity ratio and ratio of principal
thermal expansion coefficients, respectively. Their limits for almost all orthotropic materials
have been established as follows[ 19.20]: 0 < D* ~ I. 0.12 ~ <: ~ 0.65, 0 < E* ~ I. and
o< (IT ~ I (for isotropic materials. D* = I, f. = \'. E* = I, and (IT = I).

RESULTS AND DISCUSSION

The thermal buckling problems for an antisymmetric cross-ply laminate are studied
by lelling n = O. From the numerous problems solved, only a few typical cases will be
selected for discussion. These cases will illustrate the salient features of the ways that the
thick laminates considered here behave.

First, the laminates are reduced to transversely isotropic thick plates and thin plates,
and the results shown in Fig. 2 are compared with those of Chen et al.[R]. In the first case
the plates are assumed to be thin by taking tla = 0.01 and Atlh~G = 0.0001. The large value
of C implies that there is lillie transverse shearing. It is expected that the results will
correspond to the classical thermal buckling theory of thin plates. In the second case the
transversely isotropic thick plates are considered and the thermal bending is taken into
account. It can be seen that the present results agree with those solved by Chen et al.[8).
These two comparative results are to be expected since eqns (16)-(20) can be reduced easily

4

)( Thin plate theory
+ Thick plate theory

- Present result

3

o· , 1 "r .• 1
• " 03 tv . 0

E' • 1 II ·0

Curve 2

o 2 3 4 5

alb

Fig. 2. Comparison of Chen 1:1 aCs results with the present results (.1 = £1/(1- vl),
D=£I'/l2(I-v l ). C=G,.,=GlI ): Curve I. I!a = 0.01. AI/h'C=O.OOOI. pT=O; Curve 2.

I!a = 0.1. AI/h'C = 0.05. {IT = 10.
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Fig. 3. Thcrmall>uekling eoclTieicnt vs, for various S when 0" = 0.3. f: = 0.3. E" = 0.3. G" = lU.
7' = 0.3. ,y = 4. iv = O. (1 = O. fI' = o.

to equations for initially stressed transversely isotropi~ thi~k plates with thermal etrc~ts and
~an be further redu~ed to equations ofClassi~al Plate Theory.

Then, a ~omposite plot of the thermal buckling loads for various thickness ratios is
given for antisymmetri~ ~ross-ply laminates in Fig. 3. It is shown that the thermal buckling
loads decrease with an increase in laminate thickness. The results of S = 0.0 I compare with
the classical plate solutions as used in Fig. 2. The thermal tHIck ling coellicient decreases
substantially when S gets larger than 0.05. This means that Classical Lamination Theory
is inaccurate for S larger than 0.05. The curves in Fig. 4 reveal the etfects of coupling
stilfnesses on the laminate. When N increases, the coupling stiffness tends towards zero[26]
and the thermal buckling loads of N = 100 approach the orthotropic solutions using
Classical Lamination Theory. The thermal om:kling loads apparently decrease when N gets
smaller than 6 where the coupling etfects cannot be neglected.

The effects of laminate material properties on thermal buckling coellicients are pre
sented in Figs 5~7. Figures 5 and 6 show that the thermal buckling coellicients decrease
with increasing E* and Xl, respectively, along a lixed D'" curve and the etrc~ts of D* on
thermal buckling coellkients are not so apparent as those of E* and x'. However, due to

4

I~ 3
I

N·· 6

/

N = 2

/
2

0 3 4

Fig. 4. Thcrmal buckling coclTicicnt vs, for various.\" when 0" = 0.3. r. = 0.3. E" = 0.3. G" = 0.3.
7' = 0.3. S = 0.1. Si = n. (I = O. fir = o.
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5

I~
I

E·

Fig. 5. Thermal buckling coetlicient vs E· for various D· when e = 0.3. G· =0.3. '];T =' 0.3. N = 4.
S = 0.1. ill = o. II =O. fiT = O. , 2.

the bounded limits of D* values. the thermal buckling coetTicients of compositc materials
with other D* values can only be cstimated from these charts. Figure 7 depicts the thermal
buckling coellkients rcduced almost linearly with increasing I: for a fixed G*. It can '1lso be
seen that the thermal buckling coellicients increase with an increase in transverse shear
modulus (/*, especially, for small values of G* (G* < I). A large valuc of G* implies that
there is little transverse shearing. Therefore. as G* gets larger, the results will compare with
the classical thermal buckling solutions.

Plots arc made of - fJ t' vs initial stress fJ in Fig. 8. It is shown that the thermal buckling
loads increase almost linearly with increasing fJ for a fixed value of D*. It is because the
I.:ompressive stress will reduce the strength of the laminate. As fJt' = 0, i.e. the thermal ellcet
is excluded. the laminate will buckle due to initial compressive stress. In Fig. 9, plots arc
made of - fJ/' vs flt' for various fJ and /1. It is shown that the thermal buckling strength
will he reduced when the thermal moment is increased. It can be seen that the effects of
initial moment on thermal buckling loads arc not as significant as thosc of thermal moment.

5

4

I';;: 3
I

2

0.2
r

"
Fi\r. 6. Thermal buckling coetlicicnt vs I%T for various D· when r. = 0.3. E· =0.3. G· =0.3. T = 2.

, N = 4. S =0.1. til = O. fl = O. fl' O.
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3

• ~ 0.2

I~ E = 0.4

E = 06

432

G"

2 L.- .....L. -..L "---__-.J

o

Fig. 7. Thermal buckling coetlkient vs G' for various f. when O' = (U. E' = 0.3. 'J.' = 0.3. , = 2.
,V = .... S = 0.1. .iJ = U. /1 = O. /1' = n.

CONCLUSION

The governing equations of the thermal elastic antisymmetric cross-ply thick laminate
have been derived. The transverse shear deformations and rotary inertia arc considered for
this thick laminate formulation. These can he reduced suhsequcntly for a thermal elastic
transversely isotropic thick plate and for a thin plate. The numerical results show that the
prescnt Thick Lamination Theory rcasonahly corresponds to transversely isotropic Thick
Plate and Classical Thin Platc Theory.

The preceding results reveal the points givcn helow.

(I) Thc thickcr the laminate is the lower thc thermal huckling load.
(2) Thc thermal buckling load increases with an increase of the numher of layers.
(3) The thermal buckling load decreases greatly with increasing 1:.'* or 'J.I.

(4) The D * docs not have significant ellccts on thermal stability but it provides bounded
values of thermal buckling coetlicients for all orthotropic materials.

(5) The larger thc gencralized Poisson's ratio I:, the lower the thermal buckling load.
(6) The transverse shear ell'ccts can decrease the thermal stability.

8

I~

6

4

OLL_L.J.....L_-..L__-l..__...1-__....L.._----.J

-3 -2 o
IV

3

Fig. 8. Thermal buckling eoeflicient vs iV for various D' when r. = 0.3. E' = n..I. c;o = 0..1. 'J.' = n..I.
, = I. S = () I. S' = 0./1 = n. /1' = ()
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4

3

I~
I

2

-- ~=O

- - ~=40

lL.- -L L.- -L ---J

o 10 20 30 40

Jl'
Fig. 9. Thermal buckling coetlkient vs II' for varillus 1'9 and fJ when VO = 0.3. r. = 0.3. EO = 0.3.

GO 0.3.1' = 0.3. r = 1. N = 4. S = 0.1.

(7) The thermal buckling loads increase almost linearly with an increase of initial stress
from compression to tension.

(X) Thc thermal bending moments significantly reduce the thermal buckling load of
the thick laminate. However. the initial bending stresses have little effects on thermal
stability.

The results presented arc limited by the features of antisymmetric cross-ply laminates.
In addition, the laminate is initially assumed to be nat. From the procedure used to fabricate
most current-day laminates, a six-layer antisymmetric cross-ply laminate would actually be
cylindrical[27]. However. the results indicate some of the many interesting effects that can
be studied with this analysis. There is a lot of room for future study of the dfects that other
thermal stress fields and other laminated plates would have on this and other gcomctries.
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